
4.6 Quotient groups

Let N ⊴ G. Then GN = N\G, so let’s just say cosets of N rather than specifying left/right cosets.

Notation 4.55. Let C be a coset of N in G, and say C = aN . When we think of C as an element of the set
GN , we may write on of the following:

• [C] ∈ GN

• ā ∈ GN (i.e. the equivalence class of a under the partition by cosets

• [a] (also standard notation for the equivalence class of a)

• abuse notation and write aN , while remembering that we are talking about aN as a single element of
a partition, and forgetting about the fact that it’s a set itself.

Remark 4.56. Remember that in additive notation, the coset containing awould be written [C] = ā = [a] =
a+N .

Just as we have been writing aN = an  n ∈ N, we use similar notation for the product of two subsets
of a group G:

Notation 4.57. Let A,B ⊂ G. Then

AB = x ∈ G  x = ab for some a ∈ A and b ∈ B = ab  a ∈ A, b ∈ B

Proposition 4.58. GN inherits a group structure from G.

Proof. Dene multiplication in GN by (aN)(bN) = (ab)N . Check that this is well-dened, and observe
that this is precisely why we need N to be normal. Check that identity and inverses are also preserved.

Notation 4.59. LetG denote the quotient groupGN under the inducedmultiplication fromG. Let π : G →
G be the obvious map G → GN . This is called the canonical map.

Theorem 4.60. π : G → G is a surjective homomorphism whose kernel is N .

Corollary 4.61. Let a1, a2,    , ak ∈ G such that


i ai = 1. Then


i āi = 1̄.

Exercise 4.62. Suppose H ≤ G is not a normal subgroup. Prove that there exist left cosets aH and bH such
that their product (aH)(bH) is not a coset of H .

Quotient groups are intimately related to group homomorphisms via the First Isomorphism Theorem
below. This is the rst of three Isomorphism Theorems, and is the most important one for us.

Theorem 4.63. Let φ : G → G′ be a surjective group homomorphism with kernel N . The quotient group
G = GN is isomorphic to the image G′. In other words, there is a unique isomorphism φ̄ : Ḡ → G′ such

that the following diagram commutes:
G G′

G

φ

π
φ̄

Corollary 4.64. Let φ : G → G′ be any group homomorphism with kernel N and image H ′ ≤ G′. Then the
quotient group G = GN is isomorphic to t he image H ′.

One way we use the First Isomorphism Theorem is to identify quotient groups with more familiar
groups that we already know about.

Example 4.65. In the following examples, our groups are abelian, and so every subgroup is normal. For the
subgroups-group pairs listed, identify the quotient group as a more familiar group.

(a) 3Z ≤ Z, more generally nZ ≤ Z

26



(b) Re1 ≤ R2

(c) S1 ⊂ C×

(d) R+ ⊂ C×

Example 4.66. Do the same for these nonabelian groups:

(a) SLn(R) ≤ GLn(R)

(b) An ≤ Sn

Exercise 4.67. Let H = ±1,±i ≤ C×.

(a) Prove that H is normal in C×.

(b) Describe explicitly the cosets of H .

(c) Identify the quotient group C×H . (Hint: If you’re stuck, rst play around with the map ψ : S1 × S1

given by eiθ → (eiθ)2.)

Exercise 4.68. In the general linear group GL3(F), consider the subsets

H =



1 ∗ ∗
0 1 ∗
0 0 1


 and K =



1 0 ∗
0 1 0
0 0 1




where ∗ represents an arbitrary element of a eld F.

(a) Show that H is a subgroup of GL3(F). Hint: First, compute the product


1 a b
0 1 c
0 0 1





1 x y
0 1 z
0 0 1


 

(b) Show that K is a normal subgroup of H .

(c) For F = R, identify the quotient group HK (up to isomorphism). Hint: Let A,B ∈ H . Under what
conditions are A and B in the same coset of K? Use this to construct a surjective homomorphism from H .

Remark 4.69. The subgroup H discussed here is called the Heisenberg group, and we can actually dene it
using elements of commutative rings, not just elds. This version of this group with F = R was used by
Weyl to give an algebraic interpretation of Heisenberg’s Uncertainty Principle.

Exercise 4.70. Recall that the Klein four group is V = 1, a, b, ab = ⟨a, b  a2 = b2 = [a, b] = 1⟩ ∼= C2 × C2

(see page 47 in the book).

(a) Prove that the subgroup N = e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3) in S4 is isomorphic to the Klein four
group.

(b) Prove that N is normal in S4. Hint: Use a theorem from lecture on Wednesday; do not use brute force!

(c) Prove that the subgroupH = ⟨(1 2), (3 4)⟩ ≤ S4 is also isomorphic to V , but is not a normal subgroup
of S4.

(d) Identify the quotient group S4N by computing the cosets. Hint: Recall that S4 = 4! = 24; use the
counting formula. Either dene an isomorphism between S4N and your candidate group, or dene a surjection
from S4 to your candidate group. You do not need to show me that your map is a homomorphism; just check for
yourself that it really is.

(e) How many subgroups are there in S4 that contain N? (Do not solve this by brute force!)

Exercise 4.71. Let G = (R2,+) and let D ≤ G denote the set of points on the diagonal:

D = (x, y) ∈ R2  y = x
(a) Briey explain why D ⊴ G.

(b) Use the First Isomorphism Theorem to identify the quotient group GD with a familiar group.
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