
(lecture 4)

(Compare + Contract)

Example, diff't 1-cpx structure

let X in all cases denote the space of the A-structure.

as

g
(b)

:
(e)

:bra cna

·

G
·

g

Icheck that these nearly are 5-cpx structures ... )

O S' vs RP" Check these are A-cpxs.

(a)

O 1ipo
orientable non orientable !



Legta ↑ So=5 where 5
: A -X

,
Not ↑

⑨
>

e 1
,
=o

,
where 0: D-X ,

[Vo , vi] we

C homeo

ofecc
.
200

Only I,
is nontinual

,
determined by how it maps basis element vi

8
, 0 = (1)0 %/ + ( -1) /[vi = 00 - 00 = 0.

So our chain complex is

0 - c = 70 - 6 = 70.- 0

0. 0

Moreabstractly :

0-14 0
-

& underline where Co is

Shomological degnee 0")

Take homology :

H8(X)=

Hi(X)==Yo

Therefore the simplicial homology of X is

Hi(x) =

T n= 0,! O otherwise



notation :

I : D - X⑳
-

·

G

* Abusing notation :

0- c
.

= [(a,
b) C = k(p , g)- 0 unting < for EL.

a top-g actually :

b +- g - p
-

Fa 1- Op
-

Eg
5- Og-Op

· k8 = <<p,g]

im 2
,

= <(p-g)
↑

pis homologous to g
Moredefinitions (Important

so they are in thesame equiv .

dass in

· An element of some Ci
homology (a subquotient group (

is called a chain.
=> H8(X) = k(p -g7/p -g)

= [((p))=
· An element of some kef;

[p7 = (g]

is called a cycle
· (2 ,

= 2? = ((a+ b)
· An element of some im 2,

im 2
,
=

is calleda budary.
=> Hi(X) = ((p +g) = I

· Two Cycles X, Ek 8
: <C :

· Thus Hi(X)=it homologous if theyE
differ by a boundary ,

ie

* Save as egta ! y-X = im bit



We will now write a bit less.

Fe

↑Da
So = <<p,g)

A
,

= k(a
,
c)

2
,
a =

p = g

8 , c
=

p-q

H8(X)==(pg)/<p -g) =

Hi(X)==Ta

Save homology.

we're show in 3 warp that Ha(S) is

1 in dis 0 and 1
,
and O otherwise.



Zeg2a

X = Oipo
0- FA

,
BY- *(efig)->< p , g ,

r>- 0

· Boundary maps
2

,
e =

g -

p 2
, f = r -g8 , g = r -

p

2
-
A = e -

g + f
* You can also get this by

hi prea

comparing & orientation

of 2A and the simplical

e orientation; see Hwol
G

[Vo, Vi,] for 13 example.

Similarly &B = e-g + f

· Homology
H ! (X) = 100/m2

.

=<(pg/Pr-

g ,
r - p)

r-

p
= (g - p) +( -g)

change basis :

linear dependence !

= 7(p -g , G-
, r7/g -

p ,
r-g)

= ((r)=

TBC'd either Tuesday Dis. C . recorded or on He on your own !



↳.
H ! (X) = k2/img8 .

= <(e -g +f)/<(e -g ++) = 0.-

This is nonobuous !

takeamoment to confirm

HE(X) = 1Yimb = <(A-BY = 4

· Therefore

E - n = 0
,
2

Hi(X) =

0 Or.

* Compare w/ HilS') .



Discussion 2/ Lecture 5
, part

P

·
P

0 - LE , F) Eo[(a ,
b

. c)=< pig>- 0

E ++ a + c - b a ++ g -

P

F+ b + c - a b+ g -

p

21-g-g = 0

e
-

(a-b) + c + (b-a) + c = 2

EDI
He (X)===

ku 8 =? (E = (a- b) +c fF = (b-a) + c

No linear combo of E and F is in the kend !

Hr(X) =Gu
Rank .

It may be disturbing that HB(X) = 0 ,
Since X is a 2D

Object ! It turns out that the solution is to use different

coefficients : (a -b) + c = (b-a) + c over F !



Munkres⑪ Quick Start : classification of surfaces Topology

No proof ; just know the statement and be able to draw the

cel decomposition (ie . polygon depiction of quotient space

An unfortunately overloaded term :

dif A manfold is closed if it is compact and has

empty boundary . (This definition is intrinsic to the

space - there is no embedding in an ambient IRN !)

"eco"

thm. Every do d,
connected

,
orientable surface is

honeomorphic to one of the spaces in this list:

g
=

genus Ener chal = X = 2g-2.

⑳⑳
Sa 8 8

T = S'xs Es = #Th 23 = #3 Th

connectedsuof two oriented manifolds

--
Deleteblds of points identify bandaries

Corientationreversing on the

O so that orientations on

The two halves are preserved
Desut : Elf=

Igied !



connection

For g31 ,
the surface (i . 2-manifold) Ig is a quotient space

of the 4g-gon with identifications given by the word

#abiatbit=
The commutator of : and bi
-

Ettwoexamples (ppg5 Hatcher

F·
al

-

Bourday word :
a

,
b

,
a,"bit

*
and ja F.orX =

as

Bounday word : (a ,
b

,
a.

+ b
,+) (amb-an"but)

Why does this work ? Idea :

green
= 8 of connect sum regin !

·
as



S #T= Th

-
We have a corresponding theore & construction -> IRP"#SY = IRP

-

thm Every closed ,
connected

,
nonorientable surface is

homeo to one of the spaces in this list:

U = non-orientable genus X = 2 - y (spherewe )
v= / V= 2 V= 3

·.. an so on

IRp IRP#IRP" # RP2

Constructur (kute)
For 231 ,

the non-orientable surface #P is a quotient space
p

of the 2y-you with identifications given by the word Tai

IRP2 :

ara

#IRP" :

Kleinbottle anta Catta)



⑪ -complex Jaka. Cell complex ,
cellular complex)

pg .
5 of Hatcher

The disk/ball of dim n
,
denoted Dr or Br

, is

Sp + R"/1pl = 1) "n-ball"

The sphere of dim n
,
denoted St

,
is

(p(Rnt((p) = 1) "n-sphere"

Instead of simplices, we build spaces from als :

O-cl : 20= a point.

⑰ =+"

I-cl : el = -an interval.

2e = 00 = 5o (two points)

a disk (D)aw : e =

j ze = 0 = g

n-cell ene Dr Jen = gn
+

For n> 1
,
Ge" is glued on to a complex of smalles

dimension
.

(less strict gloing rules !)



Construction ofCl complex :

(1) Start with a discrete set of O-cells Xo.

(X is the O-skeleton

(2) Inductively build theSkeleton X" from the

(n-1)-Skeleton X* by attaching ncells exa

to X
,
via maps 4 : Jes- Xn

+

(no extra restuctions*!!!)

* Movedetails in Hatcher.·
eg. we can build with just two cells :

· . O %p : Ge'p -> Xo crushes S' to apt.

e e Sex= (balloon).

Rah. There is CW homology ,
andhonestly its how

we usually compute homology of spaces .

Wiltalk aboutlates
,
when we have more generality...

we focus so hand on simplical homology bic its

relationship tongularhomology ,
which is one

of the most popular ways homelogy shows up in proots...
↳ I'll hopefully gue an example to support this

later in the course...



⑪ Remarkon complex structures

There are many related terms
:

·S-complex structure

· cellular structure

· simplical structure

· triangulation

Is the Wikipedia page ,
neat lab page (

(geometric (geometric

dif A simplicial complex K is a set of simplicies St
.

1) Everyface of a simplex from K is also in

(compare w) 1- 2)

(2) If two simplicies o
,
and 02 intersect nontinually,

then 0, 15 is aface of both o,
and or.

(this is stricter then for 3-cpxs !)

also see "abstract simplicial complex" K.

Gometric realization : (K) .

Obse that bl of the constructive nature of this defi,
Lie

. X is built from a collection of simpleces) ,
the analogous

conditions DA-1
, A-3 need not be listed

↳ think about this until you agree !

It's somewhat subtle...



torsDe isarand
simplicata

Blenwith Y :

Evof= (not a simplex o

dif A triagulation of aspace X is on identification

of X with a simplical structure : (KI -X.

Bird'sEye View

strictest Smoothstructure

Simplical structure) triangulation

Co structure

I strongly) homotopy equir to a cro epx

laxer ↓ topological space

Anyways ,
this is getting too fal away from the

ams of the course - non-pathological stuff It.



Lecture 6
Almei

singularhomologydelvinta · Hw0l due 9pm
·

path puts decoup. -submit something
·

point : singular home betterfor proofs.
- typed

·reduced homology

· algebra : chainmaps + induced up on homologs
.

f Given a topological space X :

(very nonrestrictive!)

singular charicpX:..Exci=00 .

· (singular) n-chains :

Cn = 1) Continuous maps Of : A"-XY

-that's a lot (uncountable
, usually

- no hone Con interior) condition ! -> "Singular"

·() Vor!

· differential ("boundary map") same ! On generators
:

-Indeed
,
restrictionzw = Z :

Walgreen is a n-1 chain !

↳ Mindblowing..

Prop. "
= 0 pf .

Sameas in simplical case !
S(X) is a f-cpX..

defin. Singular homology of X : Ha(x) = 18 Timbun

Example ? We can do X= * La point !) -> Later teday ; motivates

reduced homilys.

Proofs Instead of examples !

Hatcher discussiongeometric interpretation...



Observation :

P-2 .6 If X= Xx where theX arethe path components,

then Hn(X)=AMn(Xa) forall n.

Pf .

Key : im of always path cutd !

The Cn(X)
,
On both split as direct sum

. (Here as ke ,
im

,
and

homology.) //

↑

Q. Ha(X) where X = / ?

yaxs
v top since

bla [-1
, 1]

P2. 7 If X =0 and O path-cold, then Ho(X)
= 1.

J C If X= #X (path eputs) then Ho(X)* *
LEA

Pf .

Ho(X) = Co(X) /imG,

Def
.
(an augmentation !) E : Co(X) -> I

Zio, Zei

-

clearly a subjective hom.

Claim If X is path-cntd ,
keE = im 2

,
(some ison

them
...)

↳ = E : C.(X)-1 induces ana
- f : MN

fx : M/ket= N

Ex

:The & Ex is ison Ho(X) = L.

= Ho(X)



1 ofdami WTS Ker E = im2. Double inclusion !

#mckes guen 0:1-X,

28
,
(0) = 3)0v

.
z

- olcros) = 1 - 1 = 0

Paim 2. Some genine O-chain
-

Suppose E([C : 0: ) =0
.,
i . Zc =0.

Each Of is a sing . O-suplex 0:: A% pt-X.

Selp. Choose baspoint XoX. but
spoints :

will let us definelet to be the singular O-simplex I reduced hom."

w/ image the basepoint Xo.
based top spaces

Since X is path ente , we can choose a path &
5

: 10
,
13 - X as I suplex : +: [ro ,

vil -> X

from the

↳sen baseportWilae
Then 2Ti = 5% -50.

Eco =

> this is 0 !

so
... 2)[cit =Eriein us

~

a totally legit 1-chain !

=>Fo:abounday (recall : in in 2
.
).

Ke



Randawes fabusedspa=
let X be anonempty space.

The reduced homology of X ,
#x(X)

,
is

is the homology of the auted chain epx

-> C(x) =, C ,(x)7)- +0.

(where Fo(X) : = ke(s)/im 2 .. )

Ruch
. O X can have multiple path eputs.

* & Ho(X) = Flo(X)@7
,
and Hu(X) =Fin(X) & n > O.

rat suspensions + homology gps.

e. S specte


