
Lectme 7

Goals (this week)
-

A burch of algebra
chair maps ,

induced maps on homology

chain hopy ,
chain htpy equivalence

exactsequences (shout , long

in support of
- homotopy invariance
-relative homology
- excisio

Some student have not sea this

- also how I learned.

sit back+ do the if bored



thairmaps labs· defn lates

alg

defe Given T = (6
.
8) and t = 15 ,

8) , a chain map

g
: 2- t is a collection of homs (gi : ci-Ci)

that commutes with the diff'ls :

Citi Ci-
U

gid er /gitgiveemou,4

-

eiE it

S try my best to usethis

top notation !

-
Given spaces X ,

Y me chari <pxsC . (X) ,
C

.
(Y).

A map fix- Y of top spaces (???) (i house !)

induces
- map on the chain epxs :

"f-sharp"
x
f + 2(0) = f+ (2()" also,..,, ..., vn

= [()"foldu, ...., , . .

., un] = 2fLot

4 2/

idea induced An- -

&
So (composition)

the "obvious" ·related mp.



Pictonally at chair level: magonboard
2

+ 1

.. - (x)- C(x)
=
C(X) ..

↓f it
or dif : a ↓(f)i = 1

--- Cn(y) Ci(y)-> C(y) ..

24+
24

cre idea
-

****K.

zop. chain maps induce maps on homology :

Pf -

·g takes cycles to cycles
:

=g=go
a

·

g takes boundaries to boundaries

g((0) = 2(g)
2in E 2 in E

· = can define gr : Ha(2)- Halt') by

gx(s)Yuir
a

e

↳ well-def bl if 0.e So]
,
then

2 - 0 = 19 (for some BEG)
and so g(e-0) = gas

=> (gt)- (go]
=b) = (ge) = (g0)

#



rotation fix-Y mos in top.

f : Co(X)- Co(Y) mor in chapx
Write

fx : H
.
(X)- H

. (Y) mor in g-hmod

for the idied map on homology.

More Observations : Calso algebrace result)

Ep. (i) (fg) x = fig for XZyFez

"covariant functor"

(ii) Ix = 1 where I is identify map

pf sketch .

(i)P
(ii) clear !

Il



chanhomotopy (Wite to po .
Item first-next page

-. ↓g/
---

.. - Cn(y)- C
,
(4)-+ C. (y) ...

27 24
it

dif A cliamhepy blw char maps

fig : 6-t is a collection of maps

= Shi : 2.- ci] such that

fi-gi = 2n + 48 .*
prop If fig are chain Lipic (ie E hopy h)
then fx =

gc (ie same homomorphism on H*).

↳
sam far lates . (Maybe HW) .



Important ,
less trically proven :

thm 2
.
10 Homotopic maps fig :X- Y Induce

-

the same hom fx =

Ga
: H

. (X) - H .
(Y).

2Yahpenileended Tmods.
ic

. fr : Hn(x)-> Hu(Y) is an ison Un .

cor
.
If X is contractible , then #

.
(x) = 0

whereO graded -mod.

If . (sketch -

get themain ideatools in proof)
(Discussion 3)

defn chari hop yequir :

Eg :-X S .t . fgzidy , ge -idx

where = means "chain homotopic to. "



Discussin3
=

-

⑦ proof of hopy invariance

Recall Algebracially we want to see a chain hopy h = Shil as below :

Ci+ (x)- Ci(x)- (i+ (x)

Hein))()in())(gH))(H)-
Ci+ (y)-> Ci(y)- (i()



How to : Divide A
*

xI into (n+) simplicies :

eg.
&

Vo V,

# Tendering is Lexicographica

·insm! "

VCW , ViSVin
,

WiSWit .

To do this carefully ,
need to talk about bay centric coordinates .

seetlatches for argument w/ coordinates, more rigorous proof.

· In general ,
AxI has "bottom" S

:

x203 = [Vo, . . .,
vn]

"top" 12 x (17 = (Wo
, ....,

Un].

· we haveall the vertices + need to define collection
of Art simplicies given by the ordered sets

[Vo , ...,
Vi

,
Wi

, ...,
Wn]

if you keep the ordering then

- the chosen (n+) simplicies won't overlap.
- the result is a simplicial complex.

A Need to checkthat every point is in a simplex



#of thm 2.

10 fig : X- Y hapc.

Given a hipy F :XXI-Y from f tog , define (chammocopies
Prismoperators P : Cn(X) -- Cnt (Y) by

P(o) = [G)x1)/go
, . . ., VisWi, ..., wn]

j

S
0 :"-X I

-

1 x XXIFY

claim JP =

g +
- f+ - PC (g+

- f+ = 2P + P2)
& 1./the 2 of

geomi big prism sides 2AxF

top &"x90]

A" x(1]

Pertaini calculation :

2P(0) =

[ED"(D Fo(11) /q
, vi , wi ...,w

+

I "G Fo(OX1))
[Vo , ... vi ,

wi, ...,, ...,
we]



· The case i=j (quick chews)

· Fo(ox1) /[
, wo , ...,

wh]
= gov

=g

·

Fo(wX1)/Sro
, v ..., Un]

= - for = -fo

· otherwise they cancel (w) opp signs

eg. [Vo, , W
,,

Wa
, . -., Wn] = [Vo ,

wo
,
w , . . ., Wn]

· The remaining terms (ii) are exactly -Palo) :

of en(X)

20 = 56) olgra ...,j, ... vn]

ProEno = [H) Pm(ol cro ...,j , ... vn])
-

=" FoColvo
, ... , ,

rat1)) [ro, ...,
Vi

,
Wi .....

was

-

= (ox1))[vo , ...,j , ...,
Vi

,
wi ...., Wa]

+F......, ret + 1))[ro , ...,
Vi

,
Wi , .... wa]

= (ox1)) So , ..., ViWi, ...,j ..., wn]

* Wj is geometrically at "vix1"

Compare and verify that indeed
- Pf accounts for the remaining

termus in 2 P. #geometre with pretation aside

To conclude the proof, preve that ifE chain hopy h

blu chain maps fradg ,
then fx =

Ex . (pralgebra
A



Lecture 8 · clarify Cor
.

2.

· ACX
,
X/A

· exact segns ,
SES

,
LES

We like sub , questint Objects ble then we can build more

objects from existing ones (eg .
modules , spaces ...)

Goal Relate HA)
,

H
.
(X)

,
and H

.
(X/A) :

ther2.
13

If X is a space and

A is a nonempty closed subspace
that is adeformation retract Jod par (x,

A)

of some ubld in X,

then there is an exact sequence-

- > FIn(Al Fh(X)EFn(X/A) 6

by SES.5 &
LES induced

#n
+
(A)n Fin+ (x) +..

... - Fo(X/A) = 0

a lot of homologues algebra; will use

regular Writing color, except titles



Exactsequences I
works in great generality,
eg. Abelian cats.

defe A sequence of morphisms
-

La+ I Xn
· 00

-> Ann > An-And ...

is exact if Fr
,

Ken 2n = imQuit

Note Viewed as drain cpx in particular ,
this (1

,
2)

where A =DAR
,
8 = If is aglie ,

ie has

trivial homology.

usufuida for characterizing maps . Eg :

· O-AFe B is exact iff ↓ is Injective
· AteB-0- if ↓ is swij.

ap short exact Sequence (SES) :

suggestrely :

o-Bo- 0 3 A
,
B

,
6 are

going to be chain

Cpxs ; his chain

note t is my , S is surgreave mas.



Exactsynemes (LES) from SESs of chain complexes

O O O O

d ↓ ↓ ↓
Jaya

H ... - Ant-An-Am ... Mlad
it it is it

ja Ja
B - But-> Bu->Br - ...

if P ↓ P ↓ P ↓
2j

- > Cn+ - (n+ (n+ +...

3 ↓ I ↓
O O O ⑧

sie
many

SES,
of chaic-Y Plus the maps i, p commute of the

differentials JA
,
8 ? Ca

· These i , p induce mas on homology ,
called it

, PK.

-

Piulat)n n
. (D)

·is*

H
. (4)



· we canalso define (and define it weel !) a

-nreetinghomomorphism 2: H
.
(b)-> Ho(A) (1)

hough preserving.

2= (On : Hr(t)-> Hn(u)]

* very unfortunate clashing of notation with diff's

of A,
B

,
C ; here canfully wrote JA , GB, ya

* Thus is indeed standard notation, so I will not

change it.

O O

↓ ↓
Ja

- An-> An--

i ↓
Ja
it

Diagram Chasing !
-> Bn-> Bn- -

P ↓ Ph
ja

-> (n-> Cn- 1 -

↓ ↓
O ⑧



we wish to define &[sT = (a) where a is closen as below :

An An-

t
D=

↓
T

↓
C

2n-> Cn-1

Things to prove :

I
. Given CeCn

,

find some a

II. show different choices in the defe of a

had to a in the same homology class

II. show that different choos of CECC yuld thesome [a].

I
.

2 is a homomorphism leasy)



I
. Let Ce[c]· X notec is a cycle

An An-

t
=D

# p is sinjective C
↓

T

↓
2n-> Cn-1

I use 8 to map forward
1 . c is a cycle => 2 c =0

· Bottom square commutes => p(8b) = 0.

i. Obtkelp.

· Right column is exact > 2b e im i

=> I a s . t .

i(a) = 2b .

II
.

The choices made in I do not matter :

II i is injective so there was no choice made

El made no choices

ES Suppose we chose adifferent lift b' -p+(e).

Then b-b' = i(a) for some a An (Since keep -im i) .

The 86' = 2 (b - i(a)) = 2b + 2 i (a).

Since I is achain map ,
fila) = it al

=> we obtain atGa [a].



#I
.

Our Choice of CES did not matter either.

Any other choice of representative wouldbe of the form

c+ 2c' where c'e Cr.

# But-> Br An-> An-
③

↓E ↓ =
-

D

↓. ↓
C

c-fe
2n-> Cn-1

Cn+-> In

May Choose b + 2 b " EBn
.

The 1 /b +2b") = 2b + 0.

Done ! Choice C+ 2 c'e[C] did not matter !

I
.

2 is a homomorphism leasy)

left to reader it



Lecture9 : Still hdto talk applications.

e endof clas

· just, the hard proof

main the for today :

thm2 .
16 The sequence of homology groups

... -> Hn(A)- Hn(B)-> Hn(C)

-Her(B)- Her(C)

---

is exact.

Pf.

&. What do we needto check ?

im <ke statements : ke < im statements

D Jxix = 0 ④ knjx im ik

② 2jk = 0 ⑤ ke2 <im ja

③ ik8 = 0 ⑧ Keri, im 2



homology is a

① joi = 0 = j + · ix = 0 (covariant functor)

② 2jk = 0 If [b] - Hu (B) then b is a cycle

=> jB(b) =0

An An-1

jx(b]I-
=> 2) = 0

.

↓-
Cnc Cn -1

③ ik8 = 0

An An-1

↓ -T Ti
Ba

↓2 -0
Cnc Cn -1

(e)



④ knjx im ik

Let [b] -> Kel ja
=> (jb] = 0

=> jb = 2c' for some ce Cn+

jis sinjective => c = j(b') f . s .
b'e But.

Now.... j(b-2b') = j(b) - j(b')(b) - Cj(b) =0

blc
2j(b)) = 2c' = j(b).

=> b- 2b' = (j = imi = b- 2b' = i(a) fs
.

at An.

ais a cycle :

i(fa) = 2i(a) = 2(b - 2b) = 2b = 0

and i is Injective.

So ix(al = [b-2b'] = [b]- C1b'] = [b].

=> we have found [a] -> Hn(A) that maps on to

arbitrary [b] -> Ken Jx.

3
Simulat flower

,
not instructive for

⑤ ke2 <im ja he to walk through in das

⑧ Keri, im 2 Klughly recommended that you
work through these or your own

for your own hotes/practice.

4



RelativeHomology Groups

Obs. We can view Cn(A) m Cn(X) 31
-

02 - T = i
A = X

Injective : If it = los ,

then O = Op
.

-defu/thm (Relative Homology
· Given ACX

,
let c

.
(X

, A) : = CYe(A)
· The bd . map 2x : Cn(X)-> C-(X) induces

2 : Cn (X, A)- Cn- (X, A)

since 2) Cn(A) [Cn- (A)

think about it...

·m1F



So we may define the relative singular chainpx :

... - Cn(X
,
A) E Cm(X

,
A)Ze ...

· I'=0 since 2 = 0 already .

· relative cycles :

n-chains -Cn(X) S.t . 2 te(n- (A)

· relative bandances :

- = 87
,

+ E2 Where T Cn+ (X)

TzE Cu(A)

~ Hr(X
,
A) really is homology of X wood (homoof) A.

X is a space and

ther2.
13 If (X

,
A) is agood pair, Ais anonemptyclosed

sus
a

of some ubld in X,

the there is an exact sequence-

.. -> Fn(A) n F(x) Fn(X/A) s LES induced

5 & by SES .

#n
+
(A)n Fin+ (x) +..

... - Fo(X/A) = 0

Rack Wheredo we use good pain ? Well see Excusin
tha

next
,
whose pt is more grometre. Ther well see that

When (X,
A) is good , Ho(X/A) = H

.
(X

,
A).



eg. Notgood pair : (AX open)

A = 1D -<p> =: A "annulus"

X = D

X/A * Eg, p] with topology
* P ⑮ "Sierpinski space"

(non Hausdorft !)
algebra : Hn (D

,A)

If we appled theLet
wewould get topo : Hu (D/A)

o discrepancy when
~ - ~

Hr(A)-> Hz(D)- Hz (D,A) (X
,
A) is notgood.

O
O => X...T H

. (X/A) = H . (X , A)

~ in this case !
F

,
(A)-Hi(D) - F

,
(D ,
1)

I O = OS
- ~

-> H(D)- H(D ,A) - 0Flot) o O

O O => D -> actually I

path prog v.

eg good pair S'D-S

Thecalculation alone is now valid .

Da S' = 21D" is

def retract of

I U open
nbld UCD ?

I some app to fixed pts stepped
Cor

.

2
.

15.


