
Lecture 10

Last week : AcX
,
relate H(A) and H(X) via LES WI H .

(X
,
A)

We stru have htpy invariance even for H
.

(X
,
A) :

p2. 19 If two maps fig : (X,
A)-> (Y

,
B) are hope

through maps of pais (X,
A)- (Y,

B) ,

then fc =g
: Ho(X

,
A) - Ho (Y,

B)

Pf .

Cheek that the prsm operator Induces

relative prom operator

Pr : Cn(XA)-> Cnt (Y,
B)

(check Cn(A)~ Cn+ (B) under P.

Then in thequotient ,
the hapy Conduction

2P+ PD = &# -E stie holds.
/

Lates, we'll try to state most this in turns of
relative homology H(X , A) for more generality.



Generalization : LES ofa triple ofspaces

def/ Triple : (X
,
A

,
B) where BCACX.

-

thus
.

-

Hn(A
,
B) - Hn(X

, B)

↑a L
Hn(X

,
A)

from the SES (of quotient epxs

0- C
.
(A,B) - C

.
(X

, B)- C
.
(X

,
A)-

Wait abit; will use incaymeter w/⑦ When useful ,?
excursion to show thm 2

. 13 finallyI (F(X,
A) = F(X/A) for good pair) .

J



Excision

zcACX (allow generality

# I Want to excise (cut out) E.

thm2 .
20 (Excision than

Given ZCACX where ECA
,
then

(X-z
,

A- z) <x (X
,
A) inducessome

Hn(X-E, A- z) =- Hn(X , A) Yn .

graded statement that I will write herefurth:

Ho(X-E ,
A -z)== H

.
(X

,
A)

#E
↑

(colorthey

Equivalently , for subspaces A ,
BCX Sit

AuB = X Interiors cover X

the inclusion (B
,
AcB) - (X

,
A) Induct isons

H
.

(B
,
AnBl-> Ho(X

,
A) .

Weil do proof of excision tomonor or Wednesday.

More importantly ,
need to see how its useful.



proof of thm 2 . 13 now only requires

If (X,A) is a good pair, then H
.
(X

, A) = H
.
(X/A) .

R.-222 For good pais (X,
A)

,

the quotient map

g : (x
,
A) - (X/A

,
A/A)

induces isomorphisms

Ex
: Ho(X

,
A) -

+AAFIX
-

to Sfrom relative
absolute homology groups

V be antled of Ain X that def . whails onto A.

(Maps below are the obvious induced ones from inclusion

=
->
oHn(X , A) Hn(X ,

v H(X- A ,
V -A)

+ 184 ·
Hu(X/A

,

A/A) Hn(XA ,
v/A) Hu(X/A-A/A

,
VA-A/A)

Show D-O are iss
.

Smel we have big square commutes
,

we'll get O is icon
,

which is what we want .



D &O :

· FIn(X
,A)
* Flu(X

,v) shows up in LES of tuple buttressed by

Fin (V
, A) and Fi-(V ,

A).

· Thedef .

retract Vis A induces def. retract of pais

(V
,
A) ~ (A ,

A).

- By homotopy equivalence of homology of apair (prop.

2
. 19)

H
.
(V,A) = H

.
(A

,A) Creduced or not

- But the chains C
.
(A

,
A) are all 0.

=> H . (AA) = 0. => H
.

(V
, A) = 0

· so Fin(XA) En F(X
,
v) is an isom

③2 These are Es by the Excusion theorem !

⑤ at the chair level, the complexes can be Identified brause

9)
X-A

is ahow on these spaces !

=> ge is an ison on homology

=> since the squares commute ,
⑯ must also be as isom.

#

#



otdeaofbaycentric
subdisa

① geometre simplicies
O linear chans (singular simplicies

coneoperator...

Dothempaper.



Discussion 4 or Lecture I ①

Equivalently , for subspaces A ,
BCX Sit

AuB = X Interiors cover X

the inclusion (B
,
AcB) - (X

,
A) Induct isons

H
.

(B
,
AnBl-> Ho(X

,
A) .

Space X.

2 = [Uj) coll of spaces St . SU] is an open cover of X.

· Let Ch(X) < Cn(X) be the subgroup gen'd by

On where im(ox) CUja for some Ja.

102 lands in oneof the sets)

· Clearly) 2 : Cn(X)-> Cn (X) takes

ch(X) -> Ch(X). A
=> C= 0

,
and the C (X) from a chain apx.

~ Hi(X)

· WTS Hi(X) = Hn(X)

chair hopy equivalence ,
- ison on homology



P.

2
.

21 The inclusion 1
: C

*
(x)-> C(X) ②

is a chair htpy equivalence ,
ic. I f : (n(x)-> Ch(x)

Sit
. 19

= 1
. (x)

,
f(

=1x
=> L Induces isons Hin(X) = H

.
(X).

I
-

(1) Bay entric subdivision

ii·

Fact diam of each resulting "smalles simplex" is
-

dien In

Ksizesimplical comment

=> with rapplications we can get simplies (
the ongual diam.

= lim() =oi



Wantto coustnut a subdivision operator

SiCu(X)-> Cu(X)
,
and show S = 1c

. (x)

Then SX = 1
,
le subdividing doesn't change the homology .

(2) B . Sub . of Linear chairs

- Conly Summary - used paper notes)

simpler setting

Consider Y CIRN
,
convex.

· L) < C(Y) is garid by kneal maps &2- Y.

linear chairs

·Work Inductively using augmented complex ,
[C

.
(4)

-

LC- (Y) = 145)
,

where for any 0-simplex [Wo]
,
J(Wol = <02·

· Identify linear chain X :S" Y w [No
, . . . .

Wn]

where wi = X (vi)

· Define hom b : Len(Y)-> LCmCY) for beY.

Swo , .. .,
Wh] [b, Wo ,

. . .

, Wn]

~ 2b +ba = 1(- 0).

· use by = baryontu of CW.,..., Wa] to define inductively
subdivision operator S(X) = bx (SGX) WIS . ,

So =1.

-show Sis a chain map.

-



· then define a chain htpy T blw Sand 1 : Inductively

T- = 0 Tx = bx(x -Tax)

- show this is a chain htpy T2 + 2T = I - S

2T = "bounday of
"

3-
· Having but these maps ,

revent back to LC
. (Y) (from [C .)

· GT +T2 = 1- S still holds since Ty = 0.



Lecture II ③
(3) Bay .

Subdiv of general chains

defe S : Cn(X)- C(X)

from S2 = the subdiv op from last time as

So= S
:

A " view of as chain ma
Induced by 1"=-X

-
sof

"Y ="sur of simplicat
with signs

LCn(AY)

Su ↓ ~
LC(Y)- C(Y)= Cu(X)



Conceptually
4

wis S is a chain map
: WTS &S =S2 I not complicated

25t = 25 S,
A = 00SA" = ES2y
I 2

# is chain ma S
,

is chain map

= Sz([(1)"I ? ) therehis the ith

fact (codin Iface)

= () SA ? ↳
= [()

: S(0(bi) ⑭D
= S([() :w(s) = S2o

Similarly define T from Ty :

T : Cn(X)- Cn+ (X) TO = FITA"

Check &T+ TF = 1-0 still holds.

same deal/coreptual putie .



⑤
(4) Iterated.

(what if you need your simplices really small ?

Just had a chain htpy blu A and S*
.

def. Operator Dm= TS

Check : 2Dm +Dm]

=TS +Tsi

! Si is chain map
= ZaISi + 12 si

=[ (1-s)gi) T is already hipy
= si-sit telescope !

= 1 - Sm



Profit) (with somemore work) ⑥
Recall C.

"(X) .... did we do this yesterday ?

From analysis :

Ope cover It of S"
,
a compact metre space.I El 370 (Lebesgre #) St . every set V of diam &

his Inside some UEX.

- "wehave some ECA").-> for each A

For each o: 1"-> X
, defn .

M(r) = smallest m S
. t .
So

is in Ch(X)
.

-recallthis ?

we con new define D : Cn(X)-> Cm(X) by Do = Dicot o

for each suplex O
.



Goal Chain map g : Cn(X)- (
"(X) ⑦

that is a chain htpy inverse for 2 : Cn"(X) -> Ch(X).

one we have this
,

we have chain hopy equir byw

C? (X) and C
.
(X). (recall prop

?2)

Foreach o
,
we have DOFDM .

let j
= 1 - 2D -D check dain map V.

Then g(o) = o-JDO-D2o

= 5- 2DmcoO-D2o
- & linear combo of[S

10-2D o

different DmLw)~

8Dm+ DmW = 1-Su
L

gm(d) r + Dmco) (80)
=> 1 - 2D = gm - D2

= Smo + Dice 20 -Doo
un -
E linear combos of the

in Ch(X) Dm(o) Oj-Dm(oj) Oj
where m(j) < m (0)

Y I
smalles biggnsuplex !
facts !

=> all turns liv in Ch(X) !

So g can believedes a map C.(X) - c (x)
spreily gues (S .)



D
Claim J ,

I are hopy inverse

pf

· Now g : 1- 2D-D2 #) 2 D +D2 = 1-2

=> 2D + D 2 = 1 -

1
((x) - C

.
(x)
& C(x)- Cu(X)

· D =0 (no hipy needed) on C
.
"(X)

m(w) = 0

=> gu
= 1 f

= 1 - 2D -D( by defr (
ill

endprot pup .
2

.

2) !



PF · of excursion them (restatement) on pape.
⑨

Cover : X = AUB
.
Let's just say A-A ,

B=B
...

Write Cn(A +B) : = Ch(X) more intructure notation

The hopy equations &DTDF : 1- 19 , 81
= 1

all descad to the quotientby C
.
(A)

.

(check mentally (

1 - I

=> ① Cn(A +B) / Cu(A) =- Cn(X)/erCA)

Indeues som on homology

O Cu(B)/CnCAnB) Cn(AtB)/Cr(A)
can bean identification at chain level

=> together we have maps inducing som on homologue :

Hn(B
,

AnB) =Hn(X,
A).

Go home and take adap breath.



Lecture 12

* HW # ? There isa wedgesum corollary in the book ,
also pat (a)

* Mudten next week when I travel

- accommodations

- know the results , defus , methods of calculation

- vigorous exercises wil not be long diagram
chases ! (Iwill take the exam ahead

Today · note on naturality

· sketch of equi of H1 and H : uses 5-Umma



LES odds + ends

0 In the LES of a pain ,
2127 = [82] :

Cn(A) 82

f I
Cu(X) x> 2x

↓ I
Cu (X, A) L rel Cycle

=> 2x = (n- (A)

② There are two rescon : unreduced
, and reduced

thm 2
.
16 Calgebra

-

following , we have

· LE for in reduced how my pain
-

...

- H(X,A) -0
O

· LET for reduced
hom wher A+%.

-

id

Have
Set0-2+ +0 -> 0

G(A) Cy(X) G(XA)

in dimension-1 .

-> F
,
(X

,Al

-
Fo(A) - o(x)->Fo(X

,A)

E
() I<+0 0.

= H(x,A) = Fu(X
, A) On



Note on Naturality

we have a construction

S F
top - SES of chain Cpx-> LEs n homology
pairs 0- A- B- 6- 0 H

.
(A) - H

.
(B)

(X, A) H = Co (A) ↑&
where B = C

. (X) H
.

(4)
ACX C = C

.
(X

,A)

-

*

/claim I isnatural :

Whenever we have a chair map

0-A=B752-0

↓, careful und· (
you could

bemar

(1

Write fitf etc.

the induced maps on homology form a chain has

...
- Hulu)- Hn(B)- Hulte)-Hr()-+..

2↓ b Br ↓ b Ut↓ &x ↓
...
- Hulu)- Hn(B)- Hulte)-Hr()-+..

-

this map is actually (B) r

This is again proven by diagram chasing (Hatches

pg 127 ,
bottom) .

* Rule on categoriest functors .



We'l actually want toshow that Fo% is natural :

Paus of Top spaces , Fo LESs of E-mods,

rugs of pais dain maps

we already showed maps of spaces us chain mas (cat of I-mod)

so squares (1k , ik commute

1st the square w/f commutes.

Ph

we already have fir = of at the chain level
where f O bonday map not

connecting map

let KJe Hu(X, A)
, repid by arelative cycle d .

Ther

f ( = fx (82] = [f#02] = [Efd] = Efr]

↑ comme
by par
reman

//

①



Equi . of HS and H

We'll give asketch .
What you need to remember is themethod of proof :

maily relies on LES and 5-luma.

setup Let X be a S-complex,

Let AX be a sub-complex.

① Relative simplica homology

dyined analogously : changerous :

relative

An (X,A)
= Au(X)/xu(A) suplica

chau

0 There is a
conomical chair map

rel

4 : So (X ,
A) + C

.
(X

,A)

inducing
a canonual honomophon

: H(X,
A)-> Ho (X)

Let's note 45 : A .
(A)- C

.
(A) &

44 : D
.
(x) - C

. (X)



th227 Let (X.Al bea A-gx par.

The In : Hi(XA)- Hn(XIA) are vious

for are n

P

Case 1 X Shut dink,

and A = 0.
-

let X" = the Keatin of X
, enocting of al

simplies of din K or less.

commutative diagram
: (of parts is LE)

HE (X* ,
XK-

1) - Hi (x() - Hi(X*)+> H (Xi x
*
) -> Hi(X

*

Y)

ad W d ed 24
Hu+ (X* XK

-

1) - Ha(X) -> Hr(X
*)-> He (Xi x*

) -> Hm(X
**

)



st Show Y
in the ding are

E
.

key An (X ,
X
# ) = 0 When n= k

Su (Xk, Xky) = < k-simplicies]

Same for Hin (X"X
**).

Show same for Hu(X", X**) by thanking about wel cycles .

Step2 (Base) HY (X) - Hn- (X)

By induction may assume Lod and 5th maps are

isons

& Use 5-Imma.

/

case2 X is infinite dinl

needto use factthat a pot CCX intests

only funtely many simplices

need to use top arguments to show B is said ing

Cases Relative

Use LE]

Y



moreImportantly:

From Cases we see that H(X) is Latelygenerated
when An(X) is . fg.

fig.

F.g .

moduleou [(PID) are comtoit

The rank (r) of Hu(X) is calledtheBetti number Of X

The n are the taxicouthcents.


